Introduction.
Right alternative rings have recently been investigated by Skornyakov, Kleinfeld, and the author. Skornyakov [3 J1 showed that a right alternative division ring of characteristic not two is alternative.
The author, in [2] , extended this result by proving that a right alternative division ring of characteristic two is alternative if (and only if) it satisfies (1.1) w(xy-x) = (wx-y)x for all w, x, y and showed by example that (1.1) can fail to hold. Prior to this, Kleinfeld [l ] generalized the Skornyakov theorem in another direction by assuming only the absence of one sort of nilpotent element. We now specify Kleinfeld's result in detail. Let F be the free nonassociative ring generated by Xi and x2 and suppose that R is any right alternative ring. Kleinfeld We herein extend this line of investigation by proving that a right alternative ring of characteristic two, satisfying (1.1), is alternative if (and only if) it has property (P). The methods are mainly those used in [2] , coupled with two essential lemmas (numbered 4 and 5 in our paper) due to Kleinfeld. Following [2] , we say that R is strongly right alternative if R is a right alternative ring satisfying (1.1). Throughout the paper, R will always denote such a ring, with the additional hypothesis that R have characteristic two.
Previous results.
We begin with the following definition due to Skornyakov [3] . Let a and b be fixed elements of R. Then we shall 3. The main theorem. We henceforth assume that R, a strongly right alternative ring of characteristic two, has property (P).
Lemma 6. (a, b)=0 implies (a, a, b) =0.
Proof. Assuming (a, b)=0, we have that (xa, a, b)=x(a, a, b) + (x, a, b)a, using (2.5). Lemma 4 can be invoked to show that x(a, a, b) is in u(a, b). But (a, a, b) is also, so that, by Lemma 5, (x, a, b)(a, a, b) =0. Setting x=a and using property (P) proves the lemma. However, Lemma 7(ii) shows that (d, a, u) is in u(a, b) and thus the lemma follows from Lemma 2 and (3.1).
Lemma 9. e = 0.
Proof. The first three sentences in the proof of Lemma 7 in [l] show that ec = 0. Hence (de-c)e = 0, using (1.1). We now apply Lemma 8 with u=e and get e2 = (d, e, c) so that e2=dec.
Hence2 e3 = 0, so e4 = 0. But property (P) implies e2 = 0, and, again, e=0. We can now prove our main result.
Theorem. Let R be a strongly right alternative ring of characteristic two. Then R is alternative if and only if it has property (P).
Proof. The necessity is obvious. For the sufficiency, we begin by showing that c2 is in u(a, b). Indeed, (ca, a, b) =c2-\-cd-a + (c, a, d). However, Lemma 7(ii) shows that (d, a, c) is in u(a, b). But dca is in so that dc-a=cd-a is in, and (c, a, d) is in by Lemma 10. Hence c2 is in u(a, b). However c is also in u(a, b), and thus, using Lemma 5, cd-c = c2d = 0. But cd is in u(a, b) and another application of Lemma 5 gives (cd)2=0, from which cd = 0.
Now3 ((a, a, b) , a, b) =cd = 0 and linearization yields ((a, a, x), a, b) = (c, a, x). Putx=a& and obtain that (ca, a, b) =0. This implies that c2 = (c, a, ba) and therefore c2 is in u(a, ba). Lemma 3 yields c3 = 0, from which c4 = 0, and, using property (P), c2 = 0, c = 0.
a It is an easy matter to verify that a strongly right alternative ring of arbitrary characteristic is power-associative. Therefore, powers of a single element are welldefined and we may write e3, e4, etc. without ambiguity.
3 The last paragraph of our proof is the same as that in [l], but we repeat the few lines here for completeness.
